A new approach to constructing coherent states (CS) and semiclassical states (SS) in magnetic-solenoid field is proposed. The main idea is based on the fact that the AB solenoid breaks the translational symmetry in the xy-plane, this has a topological effect such that there appear two types of trajectories which embrace and do not embrace the solenoid. Due to this fact, one has to construct two different kinds of CS/SS, which correspond to such trajectories in the semiclassical limit. Following this idea, we construct CS in two steps, first the instantaneous CS (ICS) and the time dependent CS/SS as an evolution of the ICS. The construction is realized for nonrelativistic and relativistic spinning particles both in (2 + 1)-and (3 + 1)-dimensions and gives a non-trivial example of SS/CS for systems with a nonquadratic Hamiltonian. It is stressed that CS depending on their parameters (quantum numbers) describe both pure quantum and semiclassical states. An analysis is represented that classifies parameters of the CS in such respect. Such a classification is used for the semiclassical decompositions of various physical quantities.
Introduction
Quantum interaction of charged particles with the field of an infinitely long and infinitesimally thin magnetic solenoid (further Aharonov-Bohm (AB) field) was studied theoretically and experimentally already for a long time. In spite of the fact that particle wave functions vanish on the solenoid line, the particles feel the presence of AB solenoid [1] . This phenomenon is called the AB effect and is interpreted as a possibility for locally trivial vector potentials to gives rise to observable effects in a nontrivial topology. A number of theoretical works and convinced experiments were done to clarify AB effect and to prove its existence. By the middle of the 80's the AB-effect in low energy physics was becoming a good instrument for investigating new physical phenomena, principally in condensed matter physics, where the AB ring has been the mainstay of mesoscopic physics research since its inception, see [2] for a general review. It was discovered that the effect is relevant to a number of physical problems, e.g. to anyons in high -T c superconductivity [3] , electronic excitations in graphene with topological defects [4, 5] , nanotubes [6] , nonrelativistic scattering kind of SS/CS those which correspond classical trajectories which embrace the solenoid and those which do not. It should be stressed that the identification of SS and CS in MSF depends essentially on quantum numbers that label these states (on types and positions of the corresponding classical trajectories). Particles in constructed SS/CS move along classical trajectories, the states maintain their form under the time evolution, and form a complete set of functions, which can be useful in semiclassical calculations. In the absence of the AB field these states are reduced to the well known in the case of a uniform magnetic field Malkin-Man'ko CS [24] . The constructed states give a non-trivial example of SS/CS for systems with a nonquadratic Hamiltonian. In addition, they allow one to treat the AB effect on the classical language, revealing an influence of AB field on parameters of classical trajectories in magnetic field. It should be noted that quantum motion of spin 1/2 Dirac fermions is qualitative different in 3 + 1-and in 2 + 1-dim. Since Dirac fermions in 2 + 1-dim. (in particular massless ones) describe single-electron dynamics in graphene, we have devoted a part of our study to their SS and CS in MSF.
The article is organized as follows. In sec. 2, we start our consideration with classical description of particle motion in the MSF. We recall that MSF is a collinear superposition of a constant uniform magnetic field of strength B and the AB field (field of an infinitely long and infinitesimally thin solenoid with a finite constant internal magnetic flux Φ). Setting the z axis along the AB solenoid, the MSF strength takes the form B = (0, 0, B z ) , B z = B + Φδ (x) δ (y) = B + Φ πr δ (r) , B = const, Φ = const..
We use the following electromagnetic potentials 1 A µ , assigned to MSF (1): A 0 = A 3 = 0, and
In Sec. 3, we briefly outline relativistic quantum mechanics of spinning particles in MSF, introducing important for our purposes physical quantities. Here we use so-called natural self-adjoint extensions of the corresponding Hamiltonians, which correspond to zero-radius limit of the regularized case of a finite-radius solenoid. Explicit forms of relativistic and nonrelativistic quantum stationary states of spinning particles in MSF are placed in the Appendix A. In Sec. 4, subsec. 4.1, we build instantaneous CS for nonrelativistic and relativistic spinning particles both in (2 + 1)-and (3 + 1)-dim., using some universal constructions. In subsec. 4.2, we study the semiclassical approximation. On the base of the CS, we construct SS, developing a techniques of semiclassical calculations for means of various physical quantities. In Sec. 5, we construct time-dependent CS for different kinds of particles, find and analyze trajectories of means. Some details of these calculations are placed in the Appendix B. We summarize and discuss the obtained results in Sec. 6.
Classical motion in MSF
As was mentioned in the Introduction, our intension is to construct CS in the MSF. Basic expected properties of the CS are described in terms of the classical motion in the MSF. That is why, we start our exposition with this section, where we present a brief description of classical motion of a charge q = ±e with a mass M in the MSF. Trajectories x µ (s) are parametrized by the Minkowski interval s and obey the Lorentz equations:
1 We accept the following notations for four-and three-vectors: a = (a µ , µ = 0, i) = a 0 , a , a = a i , i = 1, 2, 3 = a 1 = ax, a 2 = ay, a 3 = az , a i = −a i , in particular, for the space-time coordinates: x µ = (x 0 = ct, x 1 = x, x 2 = y, x 3 = z), as well as cylindrical coordinates r, ϕ, in the xy plane, such that x = r cos ϕ, y = r sin ϕ, and r 2 = x 2 + y 2 . Besides, dx = dx 0 dx , dx = dx 1 dx 2 dx 3 , and Minkowski tensor ηµν = diag (1, −1, −1, −1) .
As it follows from (1), the only nonzero components of F νµ are F 21 = −F 12 = B. For trajectories that do not intersect the axis z, we obtain from (3): P 0 = const, P 3 = const,Ṗ 1 = ǫκP 2 ,Ṗ 2 = −ǫκP 1 , P
where P ν = M cẋ ν = p ν − q c A ν , is the kinetic momentum, and p ν is the generalized particle momentum, P ν P ν = (M c) 2 , κ = |qB|/M c 2 , ǫ = sign (qB). Thus, the total particle energy E = cP 0 is also an integral of motion. One can see that the general solution of (4) 
where x 0 , y 0 , z 0 , p 0 , p 3 , R, and ψ 0 are integration constants. It follows from (5) that (x − x 0 ) 2 + (y − y 0 ) 2 = R 2 , x 0 = R c cos α, y 0 = R c sin α ,
c + 2RR c cos(ψ + ǫα), R c = x 2 0 + y 2 0 .
Projections of particle trajectories on xy-plane are circles of the radii R with central points (x 0 , y 0 ) placed on the distance R c from the origin. Particle images on the xy-plane are rotating with the synchrotron frequency ω. For an observer which is placed near the solenoid with z > 0, the rotation of the particle with ǫ = 1 is clockwise, and for the particle with ǫ = −1 is anticlockwise. Thus, equations of motion for the charge −q can be obtained from equations of motion (5) with the charge q by the substitution p 0 by −p 0 . Along the axis z, the particle has a constant velocity dz/dt = −cp 3 /p 0 . We denote by r max = R + R c the maximal possible moving off and by r min = |R − R c | the minimal possible moving off of the particle from the z-axis.
We note that equations of motion for a nonrelativistic particle (P 2 ≪ (M c) 2 ) in the MSF follow from (5) setting p 0 = M c. Then ct = s and ω = ω NR = |qB|/M c, where ω NR is the cyclotron frequency.
The square of the particle rotation energy is E 2 ⊥ = c 2 P 2 ⊥ and determines the radius R as follows
Using (6), one can calculate angular momentum projection L z ,
which is an (dependent) integral of motion. The presence of AB solenoid (the magnetic flux Φ) breaks the translational symmetry in the xy-plane. In classical theory, this fact has only a topological effect; there appear two types of trajectories, we label them by an index j = 0, 1 such that j = 1 corresponds to (R 2 − R 2 c ) > 0 (embraces the solenoid), and j = 0 corresponds to (R 2 − R 2 c ) < 0 (does not embrace the solenoid), see Fig. 1 .
Already in classical theory, it is convenient, to introduce dimensionless complex quantities a 1 and a 2 (containing the constant ) as follows:
Figure 1: Two types of trajectories in the MSF They define physical quantities R, R c , x, y, P 2 ⊥ and L z as follows:
One can see that a 1 exp(iωt) and a 2 are complex (dependent) integrals of motion.
Another important dimensionless integral of motion λ (in classical theory λ > 0) reads:
Thus, we can chose the set x 0 , y 0 , z 0 , λ, R, and ψ 0 as six independent integrals of motion. Often, it is convenient to use the light-cone variables x ± ,
In terms of such variables, the general solution (5) takes the form:
where x − plays the role of the time.
Quantum mechanics with MSF
In quantum theory, it is convenient to represent the magnetic flux Φ of the AB solenoid via the Dirac's fundamental magnetic flux Φ 0 = 2πc /e as follows:
where l 0 is an integer and the quantity µ is called the mantissa of the magnetic flux. In fact, µ determines all the quantum effects in the AB and MSF, see e.g. [13] . We note that the definition (15) differs from the oneμ = (Φ/Φ 0 ) − [(Φ/Φ 0 )] for the mantissa of Φ, which was used in some earlier works, and which does not contain the factor signB. The quantities µ andμ are related as follows: µ =μ, B > 0; µ = 1 −μ, B < 0. It turns out that the definition (15) is very convenient and allows one to write universal expressions for any mutual orientations of the uniform magnetic field and the AB flux. The quantum behavior of spinning (spin 1/2) relativistic particles in the MSF is described by Dirac wave functions Ψ that obeys the Dirac equation with the electromagnetic potentials (2),
where
Below, we consider the Dirac equation in (2 + 1)-dim., where k = 1, 2, and in (3 + 1)-dim., where
It is natural that the solutions of the Dirac equation in (2 + 1)-dim. and in (3 + 1)-dim. have much in common. Nevertheless, the algebra of the Dirac γ-matrices for these cases is different as well as the spin description, all this implies, e.g., the well known fact that quantum mechanics of spinning particle (both nonrelativistic and relativistic) in the presence of an uniform magnetic field is essentially different in (2 + 1)-dim. and in (3 + 1)-dim. That is why, we consider the problem under consideration both in (2 + 1)-dim. and (3 + 1)-dim. separately (the former case cannot be extracted from the latter one in a trivial manner).
It is also known that AB effect in condensed matter physics, in particular, planar physics is important in the nonrelativistic case,
2 . Therefore, we pay a special attention to such a limit. In addition, the massless (which is, in a sense, equivalent to the ultrarelativistic case) Dirac equation in (2 + 1)-dim. describes under some conditions the graphene physics. In such a case, the Fermi velocity v F ≈ c/300 plays the role of the effective velocity of light and has to substitute c in all the corresponding expressions. In this connection, we consider the ultrarelativistic limit in detail.
In (2 + 1)-dim., a Dirac wave function Ψ is a spinor dependent on x 0 , x 1 , and x 2 , and there are two nonequivalent representations for γ-matrices:
where σ = σ i are Pauli matrices. Choosing the "polarizations" ζ = +1, we describe "spin up" particles, and choosing ζ = −1, we describe "spin down" particles. In (2 + 1)-dim. these are different particles. There exist "spin up" and "spin down" antiparticles. In contrast to (3 + 1)-dim. case, particles and antiparticles in (2 + 1)-dim. have only one spin polarization state.
Stationary states of the Dirac equation with MSF in (2 + 1)-dim. have the form:
where spinors ψ
p0 (x ⊥ ) are subjected to the equations:
We note that cp 0 = E > 0 for particles, and cp 0 = −E < 0 for antiparticle states.
One can see that ψ
That is the reason why we are going to consider only the case ζ = 1 in what follows. In such a case, a self-adjoint HamiltonianĤ ϑ has the form
Its domain D ϑ H depends essentially on the sign ϑ = signΦ = ±1 of the magnetic flux, that is why the Hamiltonian has a label ϑ.
In (3 + 1)-dim., a Dirac wave function Ψ is a bispinor dependent on x 0 , x 1 , x 2 , and x 3 . Then unlike (2 + 1)-dim. we are not restricted in the choice of evolution parameter of time x 0 , but we can also use the light-cone variable x − . There is also an opportunity to build differently spinors adapting them to the nonrelativistic or ultrarelativistic limit. All this is described in detail in the Appendix A.
It should be reminded that all self-adjoint extensions of 2 + 1 -and 3 + 1 -Dirac Hamiltonians in MSF were constructed in [15, 16, 19] , see, also [14] . The domains of 3 + 1 -Dirac Hamiltonian in MSF are trivial extensions of the corresponding domains mentioned in (2 + 1) case, that is why we retain for them the same notation D ϑ H and we use for self-adjoint 3 + 1 -Dirac Hamiltonian the same notationĤ ϑ . Of course, in this casê
In addition, considering a regularized case of a finiteradius solenoid, it was demonstrated that zero-radius limit yields two (depending on ϑ) of self-adjoint extensions, with domains D ϑ H . In contrast to the spinless case 2 both domains D ϑ H involve irregular but still square-integrable radial functions that do not vanish as r → 0. In fact, this means that any wave function is completely determined by its values for r > 0. Its value in the point r = 0 can be set arbitrary. In the Appendix A, we represent solutions of eqs. (18) and eqs. (16) Some important remarks should be made. 1. In case of spinning particles, some results essentially depend both on the mantissa of the magnetic flux µ and on the direction of the flux ϑ. The latter dependence appears due to the spin presence and is specific only for states with irregular radial functions. In such states there is a superstrong contact interaction between the magnetic moment of the particle and the solenoid flux. Namely this interaction dependent on ϑ can be repulsive or attractive. Clear that irregular radial functions appear in the attractive case.
2. In the spinless case (and even in spinning case) in states with regular radial functions, there is a certain translation invariance with respect to a change of the integer number l 0 (see (15) ) by an arbitrary integer k. Such an invariance means that physics depends only on the mantissa of the magnetic flux µ. In spinning case, and for µ = 0, this invariance turns out to be partially broken in states with irregular radial functions (however, a translation invariance with respect to the change of l 0 by integers k, obeying the condition signl 0 =sign(l 0 + k), still holds).
3. In states with irregular radial functions, we cannot say that particles do not penetrate the AB solenoid. However, even in this case, a locally trivial vector potential gives rise to observable effects in a nontrivial topology and this is a manifestation of the AB effect for such states.
In (3 + 1)-dim., the operatorsP 3 , z-component of the total angular momentum operator
and
and mutually commuting integrals of motion (all these operators commute with the HamiltonianĤ ϑ ) [15, 16] . In (2 + 1)-dim., the total angular momentum operatorĴ = −i ∂ ϕ + σ 3 /2, which is a dimensional reduction of the operator (7)) and z-component of angular momentum (L z in (8)) in the case of a spinning particle, respectively. Then it is useful to define self-adjoint operatorsR 2 andR 2 c by analogy with corresponding classical relations (7) and (8) as follows:
One can find two types (j = 0, 1) of solutions of the Dirac equation which are common eigenvectors of operatorsR 2 andĴ in (2 + 1)-dim. and operatorsR 2 andĴ z in (3 + 1)-dim., see (97), (130), and (136) in the Appendix A, respectively. Such solutions have two quantum numbers n 1 and n 2 in common then we may be using to them the general notation Ψ (j ) n1, n2 . Note that eigenvalues of the operatorsĴ andĴ z are the same, J z = J = ǫ (l 0 − l + 1/2), where l is an integer. Then, using an appropriate inner product on xy-plane, see (108) in (2 + 1)-dim. and (127) in (3 + 1)-dim., we obtain the mean of the operatorR
In the semiclassical limit the sign of the mean allows one to interpret the corresponding states as particle trajectories that embrace and do not embrace the solenoid. Namely, an orbit embraces the solenoid for l ≥ 0 (type j = 1) and do not for l −1 (type j = 0). This classification corresponds to the classical one introduced in the previous section, see eq. (8) and Fig. 1 . Trajectories with l = 0,−1 are situated most close to the solenoid. For µ = 0 there is no any impact of AB solenoid on the energy spectrum and the energy spectrum is given by the Landau formula. For µ = 0, energies of states with j = 1 differ from the Landau levels, whereas energies with j = 0 coincide with the Landau levels, see (107) in the Appendix A.
4 Instantaneous CS on xy−plane
Quantum states
In spite of the differences between stationary states of spinning particle in (2 + 1)-dim. and in (3 + 1)-dim., see (98), (133), and (135), in both dimensions one can build CS on xy-plane in a similar manner, using some universal constructions. Let us introduce operatorsâ 1 ,â 2 , andâ
where relations (26) and expression (107) (23)):
As was already mentioned in the Introduction, our aim is to construct CS. One can formulate a definition of CS for systems with quadratic Hamiltonians, see [22] . Unfortunately, no general definition of CS for arbitrary quantum system exists. In our case, with a nonquadratic Hamiltonian, defining CS, we would like to maintain basic properties of already known CS for quadratic systems. First of all, these states have to minimize uncertainty relations for some physical quantities (e.g. coordinates and momenta) at any fixed time instant. Second, means of these quantities, calculated with respect to time-dependent CS, have to move along classical trajectories. It is also desirable for time-dependent CS to maintain their form under the time evolution. Here, it is supposed that time-dependent CS are solutions of the corresponding wave equation, Dirac or Pauli (and Klein-Gordon or Schrödinger equation in the case of spinless particle). Thus, the problem of constructing the CS states is in main reduced to a suitable choice of the form of the CS at a fixed time instant. We call such CS instantaneous CS (ICS) in what follows. In the case of quadratic systems, e.g. a non-relativistic particle in the magnetic field, ICS are eigenvectors of the corresponding annihilation operators, let say the operatorsâ 1 ,â 2 from (25) without the magnetic flux. In the case of MSF where particle Hamiltonians are nonquadratic, these operators are not exactly annihilation operators for both types of the functions Φ (j) n1, n2,σ . Nevertheless, as is demonstrated below, one can construct some kind of ICS that have the above described properties. These states are very close to eigenvectors of the introduced operatorsâ 1 ,â 2 from (25) . At the same time, these states maintain their form under the time evolution.
The presence of the AB flux breaks the translational symmetry in the xy-plane. That is why in the problem under consideration, there appear two types of CS, those which correspond classical trajectories which embrace the solenoid and those which do not. Taking into account classification of quantum states according to types j = 1 and j = 0, which depends on the sign of the mean value (24), we see that each of these CS must be constructed using stationary states of the same type.
It is convenient to pass from the functions Φ
z1, z2,σ as follows:
. (30) Here z 1 and z 2 are complex parameters, possible values of n 1 and n 2 depend on m,l, σ, and j according to eq. (101), and we set N = 1. The functions Φ (j)l z1, z2,σ can be expressed via special functions Y α ,
By the help of the well-known sum,
where J α are the Bessel functions of the first kind, one can obtain the following representation for Y α :
Using the functions Φ (j) z1, z2,σ , one can construct ICS on xy−plane. In (2 + 1)-dim. and in (3 + 1)-dim., ICS are constructed by the help of spinors described in the Appendix A by substituting the functions Φ (j) n1, n2,σ for the function Φ (j) z1, z2,σ . Thus, using eqs. (98), (100), and (28), we obtain ICS for massive, ζ = +1, spinning particles on xy-plane and in (2 + 1)-dim.:
For such states, we have
where the inner product (, ) ⊥ is defined by (105). According to (112), (113), and (114), nonrelativistic ICS for 2 + 1 spin up particles have the form:
whereas for the spin down particles they read:
According to (138), ICS on xy−plane for 3 + 1 nonrelativistic particles with a given spin polarization s = ±1, have the form:
where the inner product of four-component spinors Ψ and Ψ ′ on xy-plane is defined in (127). According to (115) - (117), ICS for 2 + 1 massless ζ = +1 fermions are
The inner products of such states have the form
In the same manner, by the help of (118), one can obtain ICS for 2 + 1 massless ζ = −1 fermions. According to eq. (133), for 3 + 1 relativistic spinning particles, ICS on xy-plane have the form
The inner product of such states on xy-plane reads:
One can see that in all the cases, the inner product of ICS on xy-plane is expressed via the matrix elements:
where I α are the modified Bessel functions of the first kind. We note that in contrast to the spinless case [27] , subindex α in the functions Q α (u, v) can take also negative values −1 < α < 0. It should be noted the importance of the obtained result. It turns out that all the means and matrix elements with respect to the ICS are expressed only via two functions Q α (u, v) and Q − α (u, v) . That is why the further study of such physical quantities is reduced to the analysis of these functions.
It follows from (26) that:
Eqs. (44) allow one to calculate the matrix elements
Results of such calculations are, for example:
Using an appropriate inner product, see above, we define means of an operatorF with respect of the ICS on xy-plane, (F ) (j) . Then, we consider important cases when a matrix operatorF is either the identity matrix I multiplied by a differential operatorf ,F =f I, or
Here, we can express (F ) (j) via the means Φ
, where eitherF σ =f , orF σ = c 2P2 ⊥ − ǫ c |qB| σ. Thus, we obtain, for example, for 3 + 1 relativistic and 2 + 1 nonrelativistic spin up particles the following expression (with the corresponding interpretations of the number σ)
For 2 + 1 massive ζ = +1 relativistic particles we obtain
whereas for 2 + 1 massless ζ = +1 fermions, we have:
Note that means (F ) (j) for 3 + 1 nonrelativistic spinning particles and antiparticles at given s are expressed via means (47) for 2 + 1 nonrelativistic case according to (37). Then, using (43) and notation (47), we obtain the means of operatorsN k , k = 1, 2, for example,
for 3 + 1 particle and for nonrelativistic 2 + 1 spin up particles;
for 2 + 1 massless ζ = +1 fermions;
for 2 + 1 relativistic massive ζ = +1 particles.
Using (46), we find that
where, for example,
for 3 + 1 particle and for nonrelativistic 2 + 1 spin up particle (σ = +1) and antiparticle (σ = −1), and
for 2 + 1 massless ζ = +1 fermions. Note that one can get the means (N k ) (j) and (a k ) (j) for the case of spinless particle from expression (50), (54), and (42) at µ σ = µ, see [27] .
Semiclassical approximation
Representations (50) - (52) (29) 
Note that these relations are valid in the case of spinless particle at σ = 0. We expect that in the semiclassical limit (N k ) (j) ≈ |z k | 2 . At the same time length scales defined by means of (R 2 ) (j) and (R 2 c ) (j) have to be sufficiently large, which implies |z k | 2 ≫ 1 in the semiclassical limit.
We note that in the pure quantum case, as a characteristic quantum scale of the rotational motion we can take the quantity
13 G is the critical magnetic field above which the nonlinearity of QED becomes actual. The corresponding length scale is
For the angular momentum projection J z a characteristic quantum scale is obviously . For a given energy, i.e., for a given (R 2 ) (j) , the quantity (J z ) (j) is proportional to (R 2 c ) (j) due to (23) , and, therefore, can be characterized by the corresponding length scale R quant . Note that the R quant is much larger than the Compton length λ C if the magnetic field B is weak, B 0 / |B| ≫ 1. Thus, the conditions |z k | 2 ≫ 1, correspond to ones
At the same time, in the quantum case, the dimensionless quantities |z k | 2 are of the order 1. We see that the semiclassical decompositions are adequate namely in case of strong enough magnetic fields (e.g., pulsar magnetic fields B for which B 0 / |B| ∼ 10 −2 and R quant ≪ λ C ). We expect that the sign of the difference
is related to the trajectory type in the classical limit. One can see that such a limit implies the following conditions:
In particular, for states with j = 0, we have |z 1 | ≪ |z 2 |, and for states with j = 1, we have |z 1 | ≫ |z 2 |. We note that in both cases the corresponding functions Q α (u, v) are calculated at |v| > |u| ≫ 1.
There exist all the derivatives ∂ v (v/u) α+l I α+l (2uv) , the series Q 
A solution of this equation, which corresponds to (42), reads
Using eq. (6.631.4) [28] , we represent this solution as follows:
Then
and we can calculate, for example, the means (50):
These means can be represented explicitly in an real form, taking into account that
.
We stress that means (61) allow the limit µ σ → 0. Thus, the contribution due to the AB field can be easily isolated.
Using power decomposition of the functionṽ α+1 I α (2uṽ)e −2uṽ near the pointṽ = v for an estimation of the integral T (u, v) in (59) and asymptotics of the function I α (2uv), one can see that
for |v| |u| ≫ 1. Thus, we obtain the semiclassical expansions: 
It should be noted that relations (63) have nothing to do with conditions of the applicability of the semiclassical expansions (62). Obtaining the latter expansions we have supposed that |z 1 | |z 2 | for states with j = 0, and |z 1 | |z 2 | for states with j = 1. Therefore, relations (62) between means ofR 2 andR 2 c and parameters z 1 and z 2 take place even if a definite relation between sign(|z 1 | − |z 2 |) and j is absent.
Retaining only leading terms in decompositions (62), we reproduce the corresponding classical relations (10) with |z 1 | = |a 1 | and |z 2 | = |a 2 |. In other words, one can say that the classical relations (10) correspond to the leading approximation for sufficiently large radii. Thus, the leading approximation in the semiclassical expansions corresponds to the classical limit. Next-to-leading terms define physical quantities in the semiclassical approximation. These terms depend on the space dimension and particle spin.
Let us consider semiclassical approximation retaining next-to-leading and next-next-toleading terms. If |v| ≫ |u| ≫ 1, one can approximate the integral T (u, v) in (59) by a power series in u/v as follows:
Then, using asymptotic of I α (2uv), we obtain from (60):
which implies
Thus, for semiclassical states corresponding to orbits situated far enough from the solenoid, i.e., for
Then the semiclassical expansions (62) in the next-to-leading approximation reads:
In the most interesting case when a semiclassical orbit is situated near the solenoid, such that the condition ||v| − |u|| ≪ 1 holds, the influence of AB solenoid (due to µ = 0) on the orbits are not small. In such a case
such that, for example, means (61) are
Thus, for ||z 1 | − |z 2 || ≪ 1 all µ-dependent contributions to the means (N k ) (j) are of the order one, which is natural for a pure quantum case. Next-to-leading contributions to the means (of order |z k |) that does not depend on µ are much bigger. These semiclassical contributions appear since each of j-type ICS includes only a half of eigenfunctions of the operatorĴ z . It follows from (67) that in the leading approximation
At the same time, relations (62) yield in the semiclassical approximation:
Then, using (68), we obtain
Then the quantity d (j) (58) is:
Thus, for ||z 1 | − |z 2 || ≪ 1, and in the semiclassical approximation, the mean minimal possible moving off d (j) of the particle from solenoid line is of order R quant , in particular, d (j) < 0 for states with j = 0, and d (j) > 0 for states with j = 1, independently on the sign of the difference |z 1 | − |z 2 |.
Eqs. (43) and (60) allow us to calculate variances of the operatorsN k ,
In the semiclassical approximation, we have
Thus, standard deviations ofR 2 andR 2 c in the semiclassical ICS are of the same order for any value ||z 1 | − |z 2 ||, namely:
In this case, the typical spread of the radii R and R c are given by the standard deviations
For
is of the order of the standard deviation ofR 2 −R 2 c , which is δ j R 2 +δ j R 2 c . Therefore, the mean angular momentum (69) is of the order ofĴ z standard deviation, and for ||z 1 | − |z 2 || ≪ 1, the quantum scale of angular momentum is much greater than . In this case d (j) is of the order δ j (R)+δ j (R c ) ∼ R quant .
We note that ICSà la Malkin-Man'ko [24] (the case Φ = 0) can be associated with the superposition of the j = 1 and j = 0 states for µ = 0, which includes already all the eigenfunctions ofĴ z . The inner product on the xy-plane between such states is the sum R (0)
σ at µ σ = 0. Using eqs. (8.511.1) from [28] , we find
Therefore, in such ICS (N k ) = |z k | 2 . Similar mutual compensations take place in expressions
σ for µ = 0 in the semiclassical limit, |z k | 2 ≫ 1. E.g., for ||z 1 | − |z 2 || ≪ 1, we obtain:
One can see that in states that are superpositions between different j, leading corrections to means (N k ) = |z k | 2 (67) disappear in the semiclassical approximation. If |z 1 | and |z 2 | differ essentially, i.e., ||z 1 | − |z 2 || ≫ 1, one may believe that next-to-leading terms in R (j) σ , given by (64), remain uncompensated. That is not true. To see this, one has to take into account that next-to-leading terms in R (0) σ + R (1) σ are due to contributions from (64) and from leading terms inQ α (u, v) for |u| ≫ |v|,
We recall that for ICS, the domain |u| > |v| is not classical one even if |z k | 2 ≫ 1. Using (53), (54), and the representation
we find:
By the help of eqs. (54) and (67) we calculate the variance of (x + y) in j-type states:
Let us consider the semiclassical limit |z k | 2 ≫ 1 for ICS with j = 0 and |z 1 | |z 2 | and for ICS with j = 1 and |z 1 | |z 2 | , in both such cases |v| |u| ≫ 1. In this case, using the above results, one can verify that corrections to the classical expression (a 2 ) (j) − (a 1 ) * (j) = z 2 −z * 1 are small. In particular, using eqs. (64) and (66), and asymptotics of I α (2uv), in the nextto-leading approximation we obtain the following result
Thus, eqs. (74) match with once (61) in the classical limit, and due to (61), (65), and (66), in the semiclassical approximation, the variances (75) are relatively small,
However, near the AB solenoid, where ||z 1 | − |z 2 || ≪ 1, the variances increase significantly.
Thus, it turns out that quantum length scale for (R 2 ) (j) and (R 2 c ) (j) is essentially different from quantum length scale for (x) (j) and (y) (j) .
Note that in this case, the principal part of next-to-leading contributions to (x) (j) and (y) (j) , given by (76), do not depend on µ, which is quite similar to the behavior of (N k ) (j) given by (67). However, here a continuous limit to the case µ = 0 does not exist. This can be checked considering means (x) and (y) in the superposition of the j = 1 and j = 0 states. For example, the mean (x) in the latter superposition includes both means (x) (j) and some interference terms given by (45). The latter terms are absent only for µ = 0. That is why the means (x) and (y) in the Malkin-Man'ko CS cannot be obtained in the limit µ → 0. Thus, namely means (x) (j) , (y) (j) , and (x), (y) are especially sensitive to the topological effect of breaking of the translational symmetry in the xy-plane due to the presence of AB solenoid.
In the pure quantum case, the mean values depend significantly on the particle spin and on the mantissa µ and are quite different from the corresponding classical values. E.g., for small |u| and |v| the functions Q α (u, v) with positive and negative α behave essentially different. Using the representation (8.445) [28] for the function I α (2uv), we obtain:
Note that in the case of spinless particle α > 0 (see [27] ), while α can take also negative values −1 < α < 0 in the case of spinning particle. Thus, e.g., for
In this case, using (43) and (42), we obtain Var j (x + y) ≈ 2γ −1 . However, it is big in comparison with small |z k | 2 .
If |u| ≫ |v|, we deal with the quantum case even for big |z k | 2 . Here ∆ α (u, v) = v/u → 0 which gives a justification for relations (78). In addition, in the quantum case, we have (N k ) (j) ∼ 1, and, at the same time, contributions to (N k ) (j) that depend on z k are much smaller than 1. That is why means (R 2 ) (j) and (R 2 c ) (j) , which are expressed via (N k ) (j) by eq. (56), depend only slightly on z k . In this case the variances
are much bigger than squares of the corresponding means (x − iǫy) (j) 2 .
Let us consider uncertainty relations in the semiclassical ICS. LetF 1 andF 2 be two self-adjoint operators satisfying the commutation relation F 1 ,F 2 = iF 3 , whereF 3 is a symmetric operator with a real mean (F 3 ). In this case the uncertainty relation
holds, see e.g. [30] . Adopting this general relation to our particular cases, we obtain:
Here (x − iǫy) (j) is given by (74) and (
can be represented by the help of (25) 
The variances Var j P 2 ⊥ and Var j (L z ) can be expressed via the Var j (N k ) (71),
and Var j (x + y) are given by (77).
We note that (a 1 ) (j) 2 ≈ |z 1 | 2 for any ||z 1 | − |z 2 || , and for definiteness sake, we suppose Then, using (71) and (77), we see that for ||z 1 | − |z 2 || ≫ 1 the products of the variances from (79) are close to their possible minimal values,
and for ||z 1 | − |z 2 || ≪ 1 these variances are much bigger than the means
, respectively. Of course, the AB effect is global. However, there exists a difference how this effect manifests itself in the pure AB field and in the MSF. In the latter case, there exists a possibility to characterize especially constructed quantum states with respect to their "closeness" to the AB solenoid. Namely the CS have, in a sense, such characteristics. The more close are such states to the solenoid, the more they are affected by it.
Time dependent CS
On the base of ICS discussed above, one can construct already time-dependent CS (we call them simply CS in what follows) as solutions of the corresponding nonstationary wave equations. One ought to mention that CS for nonrelativistic spinless particle in the MSF were constructed in our recent work [27] . Below, we are going to construct CS for nonrelativistic and relativistic spinning particles in 2 + 1 and 3 + 1 dim.
Nonrelativistic particles
In 2 + 1 dim. the quantum behavior of nonrelativistic spin up particle (antiparticle) is governed by the Pauli equation (111), where the Hamiltonian can be represented as followŝ
respectively for ± cases, where N is normalization constant, υ σ is given by (99), and functions Φ σ are solutions of the following equation:
One can obey (80) 
, where z 1 (t) is a complex function of time t. Then
Substituting (81) into (80), we find iż 1 = σω NR z 1 , where (43) is used. It is convenient to write a solution for z 1 (t) as follows:
where |z 1 | is a given constant. Thus the functions
are solutions of the 2 + 1 Pauli equation for spin up particle. At the same time they have special properties that allow us to treat them as CS and even SS under certain conditions. Consider the 2 + 1 Pauli equation (111) 
where σ = +1 for particle and σ = −1 for antiparticle. Similar to spin up case, one can construct CS as follows
We note that means (F ) (j) in such CS are reduced to (F ) (j) given by (47).
In (3 + 1)-dim ., one can find CS for nonrelativistic spinning particles, with a given spin polarization s. Such CS obey the nonrelativistic Dirac equation with the Hamiltonian,
, see the Appendix A, and have the form:
where representation (37) is used. If to consider only physical observablesF that do not depend on z, then means (F ) (j) in CS (85) are expressed via the corresponding means on the xy-plane, i.e., via the corresponding means (47) for (2 + 1)-dim. particles.
Relativistic particles in (3 + 1)-dimensions
In 3 + 1 dim., we consider the Dirac equation in the light-cone variables, such that x − plays the role of time. Solutions Ψ of such an equation have the form:
see the Appendix A. One can obey (86) setting
where z 1 (x − ) is a complex function of the time x − . Substituting (87) into (86), taking into account
and (43), we find idz 1 /dx − =ωz 1 . A solution of the latter equation has the form:
where |z 1 | and ψ 0 are assumed to be some constants. Thus, we have a set of solutions of the Dirac equation in the following form
We interpret these solutions as CS with light-cone time x − evolution. Suppose, we deal with physical observablesF that do not depend of x + , which is natural for the axial symmetry of the problem under consideration. Matrix elements of such observables in CS (89) (we use the inner product (126) on the hypersurface x − = const) take the form:
where the inner product (, ) ⊥ is given by eq. (105). That is why means (F ) (j) in such CS are expressed via (F ) (j) given by (47). Following the same way in the spinless case, one can construct CS that are solutions of the Klein-Gordon equation.
t and x − evolution of mean values
Let us calculate means (x) (j) and (y) (j) in the nonrelativistic CS constructed above. These means are expressed via the means (x − iǫy) (j) , which have the form (53), (54). Taking into account eq. (82), one can see that means (x) (j) and (y) (j) are moving along a circle on the xy-plane with the cyclotron frequency ω NR , i.e., the trajectory of the means has the classical form. The same equations allows one to find a mean radius (R) (j) of such a circle and the distance (R c ) (j) between its center and the origin,
Note that for the spinless particle µ σ = µ.
In the general case, the quantities (R) 2 (j) and (R c ) 2 (j) do not coincide with the corresponding quantities (R 2 ) (j) and (R 2 c ) (j) given by eq. (56). The latter quantities are expressed in terms of means of square of the transverse kinetic energy andĴ z according to (29) and (43).
It follows from eq. (54) that ∆ 1−µσ (|z 1 |, |z 2 |) < 1 and ∆ µσ (|z 2 |, |z 1 |) < 1. This allows us to give the following interpretation for two types of states with j = 0, 1. States with j = 1 correspond to orbits that embrace the AB solenoid (which corresponds to |z 1 | |z 2 | in the semiclassical limit). For such orbits (R c ) (1) < R c , where the quantity R c = 2 /M ω |z 2 | is interpreted as a distance between AB solenoid and the orbit center (see the classical limit of eq. (62)). At the same time, the mean radius of the orbits coincides with the classical radius R = 2 /M ω |z 1 |. The interpretation of R as the classical radius follows from eq. (62) in the classical limit. States with j = 0 correspond to orbits that do not embraces the AB solenoid (which corresponds to |z 1 | |z 2 | in the semiclassical limit). For such orbits (R c ) (0) = R c and (R) (0) < R.
One can see the standard deviations δ j (R), δ j (R c ), and δ j (x + y) = Var j (x + y) in CS (72) and (77), are relatively small for the semiclassical orbits situated far enough from the solenoid, i.e., for ||z 1 | − |z 2 || ≫ 1. In this case the CS are in main concentrated near classical orbits. In the most interesting case when a semiclassical orbit is situated near the solenoid, such that the condition ||z 1 | − |z 2 || ≪ 1 holds, the standard deviation δ j (x + y) increases significantly,
, while the standard deviations δ j (R) and δ j (R c ) remain relatively small. In this case R ≈ R c , however, (R c ) (1) < R and (R) (0) < R c , as it has to be for the semiclassical orbits. Thus, the standard deviation δ j (x + y) of particle positions near classical orbits is relatively large at R ≈ R c , such that δ
We show the corresponding spreads on Fig. 2 (where R c = (R c ) (1) and R = (R) (0) ) We stress that for µ = 0, relations between CS/SS parameters of particle trajectory in a constant uniform magnetic field differ from classical ones due to the presence of the AB solenoid. Above, we have demonstrated this, considering the radius R (related to the energy of particle rotation) and the distance R c (related to particle angular momentum). Such relations do not feel the presence of AB solenoid for µ = 0, and, even for µ = 0, in the classical limit.
For relativistic particles in (3 + 1)-dim., we consider means (x − iǫy) (j) in CS (89) on the hypersurface x − = const. Such means are reduced to the means (x − iǫy) (j) represented above by expressions (53), (54). The relations (90) and (56) remain true. Here however, the evolution is parametrized by the light-cone time x − , via the function z 1 (x − ) given by eq. (88). One can see that means (x) (j) and (y) (j) are rotating along circles on the xy-plane with the synchrotron frequency ω, i.e., their trajectories have the classical form (14).
Ultrarelativistic particles in (2 + 1)-dimensions
In subsec. 5.2 we have constructed relativistic CS in 3+1 dim., and in subsec. 5.3, we have demonstrated that in such CS the means have the classical form (14) . We succeeded to do this using light-cone parametrization of the evolution via the function z 1 (x − ) given by eq. (88). Such a parametrization is possible only in the relativistic case in 3 + 1 dim. Indeed, using (131), we can represent eq. (122) for eigenfunctions ofP 0 +P 3 with the eigenvalues λ in the form of the first order Schrödinger-like equation (132), where x − plays the role of the time and the operatorĤ x− =Q 2 (2λM c) −1 plays the role of the Hamiltonian. The HamiltonianĤ x− is quadratic with respect to the momentum operators. In the cases in (2 + 1)-dim. considered above, the light-cone variables x ± cannot be introduced. Then we have to use the time t parametrization of the evolution. This is the reason why we cannot construct CS as exact solutions of the Dirac equation. This is a consequence of the fact that in the case under consideration, Dirac Hamiltonian is not quadratic in momenta and the corresponding ICS do not maintain their form in course of the evolution. Below, we consider an example of such an evolution of ICS. We take massless ζ = +1 fermions in (2 + 1)-dim. with the HamiltonianĤ ϑ = cσP ⊥ . One can see (using results of the Appendix A) that ICS (38) obey the following relation
whereΠ 0 = Π 0 N 1 is given by (33) at σ = −ϑ. Then a formal solution of the Dirac equation, with ICS (38) as an initial condition, reads:
We call such solution quasi-CS in what follows. As usual, we define means of an operator
One can see that in the semiclassical limit the means
are moving along the corresponding classical trajectories. Since the operatorâ 2 commutes withN 1 , the mean (a 2 (t)) (j,±) does not depend on time and coincides with its initial value, (a 2 (t)) (j,±) = (a 2 ) (j) , the latter is given by eq. (55). Calculating the mean (a 1 (t)) * (j,±) , we find that
see the Appendix B, where the frequency operator Ω N 1 is given by eq. (146).
Let now |z 1 | 2 ≫ 1, which corresponds to the semiclassical limit. Using relations (59) and (60), we represent (95) in the form
The semiclassical expansions of the operatorΩ is:
such that the standard deviation ofΩ is of the order ω (|z 1 |) |z 1 | −1 . Here E (|z 1 |) is the mean energy in quasi-CS, in the classical limit. Taking into account next-to-leading corrections to exp ±iΩt , and using decompositions (64) and (66), we obtain (a 1 (t)) * (j,±) = (a 1 ) * (j) e ±iωj t ,
, ||z 1 | − |z 2 || ≫ 1;
In such an approximation, ω (|z 1 |) coincides with the classic synchrotron frequency ω given by eq. (5). Thus, in the classical limit, means (x) (j,±) and (y) (j,±) in the quasi-CS are rotating along circles on the xy-plane with the synchrotron frequency ω. The greater is |z 1 | 2 the smaller is spreading of the mean trajectories. One can see that additional (due to the next corrections) modifications of quasi-CS are essential only for evolution time that is much greater than the classical rotation period.
The mean radius of a trajectory is (R 2 ) (j,±) = 2(N 1 ) (j,±) + 1 + ϑǫ γ −1 .
The next-to-leading corrections to this relation can be find by the help of eqs. (51), (65), and (67). We note that in each approximation the classical relation between the rotation frequency and the radius holds, such thatω j (R 2 ) (j,±) = c (we remind that in the graphene case c means the effective velocity of light, that is the Fermi velocity v F ).
Summary and Discussion
A new approach to constructing CS/SS in MSF is proposed. The main idea is based on the fact that the AB solenoid breaks the translational symmetry in the xy-plane, this has a topological effect such that there appear two types of circular trajectories which embrace and do not embrace the solenoid. Due to this fact, one has to construct two different kinds of CS/SS, which correspond to such trajectories in the semiclassical limit. Following this idea, we construct CS in two steps, first the instantaneous CS (ICS) and the time dependent CS/SS as an evolution of the ICS. The approach is realized for nonrelativistic and relativistic spinning particles that allows us to build CS both in (2 + 1)-and (3 + 1)-dim., using some universal constructions, and gives a non-trivial example of SS/CS for systems with a nonquadratic Hamiltonian.
It is stressed that CS depending on their parameters (quantum numbers) describe both pure quantum and semiclassical states. An analysis is represented that classifies parameters of the CS in such respect. Such a classification is used for the semiclassical decompositions of various physical quantities.
In the pure quantum case, the mean values depend significantly on the particle spin and on the mantissa µ and are quite different from the corresponding classical values. In the semiclassical approximation, relations between CS/SS parameters and parameters that characterize classical trajectories are established. In the general case these relations differ from ones in the pure magnetic field and such a distinction can be treated as AB effect in the CS/SS. The classical relations correspond to the leading approximation for sufficiently large radii. Thus, the leading approximation in the semiclassical expansions corresponds to the classical limit. Next-to-leading terms define physical quantities in the semiclassical approximation. These terms depend on the space dimension and particle spin.
The following properties of the constructed time dependent CS/SS should be stressed: a) In the nonrelativistic case, both in (2 + 1)-and (3 + 1)-dim., the time dependent CS in each time instant retain the form of the corresponding ICS. The mean trajectories in such CS coincide with classical ones, whereas the particle distributions are concentrated near the classical trajectories in the semiclassical approximation. In the presence of the AB solenoid, the spread of particle positions near the classical trajectory depends essentially on the mutual disposition between the trajectory and the solenoid. Such a spread is growing for trajectories situated near the AB solenoid. It should be note that namely due to the bounded character of particle motion in the MSF, particle positions are essentially sensitive to the topological effect of breaking of the translational symmetry in the xy-plane due to the presence of AB solenoid. Thus, in spite of the well-known fact that the AB effect is global, in the MSF quantum states can be classified with respect to their "closeness" to the AB solenoid. b) In the relativistic case, in (3 + 1)-dim., CS are constructed in the light-cone variables, where the evolution is parametrized by the light-cone time x − . Such time-dependent CS obey all the properties as CS from the previous item a). c) In (2 + 1)-dim., we constructed time-dependent SS for massless fermions. Such a problem can be related to the graphene physics. We call the constructed SS quasi-CS since they retain ICS form with time evolution in the next-to-leading semiclassical approximation. In such an approximation, the classical relation between the rotation frequency and the radius holds, the rotation frequency coincides with the classic synchrotron frequency in the leading approximation. We stress a principle difference between (2+1)-dim. and (3+1)-dim., in (2 + 1)-dim. Dirac Hamiltonian is not quadratic in the momenta, whereas in (3 + 1)-dim. it is. Namely this fact is responsible for the destruction of ICS in course of the evolution.
Here I n,m (ρ), m ≥ 0 are Laguerre functions that are related to the Laguerre polynomials L α m (ρ) (see [28] ) as follows:
and N are normalization constants. For any real α > −1, the functions I α+m, m (ρ) form a complete orthonormal set on the semiaxis ρ 0,
Thus, the domains D ϑ H are described completely by asymptotic behavior of the functions from eqs. (101).
We define the functions Φ (j) n1+s1, n2+s2,σ associated with transformation (26) as follows:
There appear new functions Φ
n1, n2−1,σ with n 2 = m + 1 + (ϑ − σ) ǫ/2 − µ and Φ
(1) n1−1, n2,σ with n 1 = m + (σ − ϑ) ǫ/2 + µ. Such functions were not defined by eqs. (101). In addition, for n 1 = 0 or n 2 = 0, one has to bear in mind that
This allows as to interpret Φ (0) n1, n2,σ m=0
and Φ
(1) n1, n2,σ m=0
as vacuum states.
Let us define an inner product of two functions f (ϕ, ρ) and g(ϕ, ρ) as
With respect to such an inner product, the functions (101) form an orthogonal set,
Moreover, these functions form a complete orthogonal set in L 2 R 2 . The energy spectrum of the self adjoint Hamiltonians (21) can be represented with the help of the eigenvalues
where, depending of the ϑ and ǫ, the quantum number n 1 takes its possible values according to (101). In the general case, eigenvalues E of the HamiltonianĤ ϑ are expressed via E n1, n2 (ϕ, ρ) up to a normalization constant. This is a manifestation of the well-known asymmetry of the energy spectrum of 2 + 1 Dirac particles in the uniform magnetic field. We see that the same asymmetry takes place in the presence of the AB-field. For particles, we select c +1 = 0, c −1 = 0, then their energy spectrum is E = (M c 2 )
2 + E 2 ⊥(+1) and for antiparticles c +1 = 0, c −1 = 0, then their energy spectrum is E = (M c 2 )
2 + E 2 ⊥(−1) . If we define the inner product of spinors ψ(ϕ, ρ) and ψ ′ (ϕ, ρ) as follows:
then the inner product of eigenvectors ψ
n1, n2 has the form
where the inner product (, ) ⊥ is given by eq. (106). With respect to the introduced inner product, eigenvectors (98) form an orthogonal set for any ϑ. By the help of eigenvectors (98), we obtain the following solutions of the Dirac equation with a given energy cp 0 = ±E, in (2 + 1)-dim.:
We believe that nonrelativistic motion is described by the corresponding Pauli equation in (2 + 1)-dim.,
Solutions of such an equation can be obtained from (110) in the nonrelativistic limit. They have only one component, taking into account that in (2 + 1)-dim. there is only one spin polarization. Let us consider, for example, spin up particles (ζ = +1). Then we obtain from (98):
The corresponding inner product of these solutions reads
By the help of relation (20), we obtain solutions that describe spin down particles:
n1, n2,∓1 (ϕ, ρ)υ ∓1 ,
It is worthwhile to make the following remark: Usually, in the nonrelativistic limit, negative energy solutions (those which after the charge conjugation operation represent wave functions of particles with opposite charge −q, and which are, in fact, antiparticles) of the Dirac equation are not considered. It is supposed that all the information about the quantum motion of the antiparticles can be extracted from particle motion. The latter is not true in the case under consideration (for Dirac eq. with MSF in (2 + 1)-dim.). Here energy spectra for particles and antiparticles are quite different. This asymmetry was the reason for us to represent explicitly, even in the nonrelativistic limit, the negative energy solutions Ψ (j)up −, m,l (t, r) and Ψ (j)down −, m,l (t, r), which correspond to spin up and down antiparticles. For massless ζ = +1 particles and antiparticles (in what follows we call all such particles simply fermions) in (2 + 1)-dim., the self-adjoint Dirac Hamiltonian isĤ ϑ = cσP ⊥ . Its eigenvalues are cp 0 = ±E , where E = E ⊥(−ϑ) (the eigenvalues E ⊥(σ) are given by eq. (107) n1, n2,+1 (ϕ, ρ) ∓iǫΦ (1) n1, n2,−1 (ϕ, ρ)
,
where Φ 
As follows from (20) , for massless ζ = −1 particles the corresponding eigenvectors can be represented as 
The inner products of these solutions coincide with ones of solutions Ψ Here we consider Dirac equation (16) in (3 + 1)-dim. Let us introduce projection operatorŝ P (±) and two kinds of Dirac bispinor Ψ (±) , P (±) = 1 ± α 3 /2, (P (±) ) † =P (±) , (P (±) ) 2 =P (±) ,P (+)P(−) = 0,P (+) +P (−) = I, where I is unit 4×4 matrix, such that any Ψ can be represented as Ψ = Ψ (+) +Ψ (−) , Ψ (±) = P (±) Ψ. Then Dirac equation (16) is reduced to the following set of equations (P 0 +P 3 )Ψ (+) =QΨ (−) , (P 0 −P 3 )Ψ (−) =QΨ (+) ;
where α i = γ 0 γ i . Due to the axial symmetry of the problem, it is convenient to use the following representation for γ-matrices (see [9] ),
where I is unit 2 × 2 matrix. Nevertheless, expressions for α 3 ,Σ z , and γ 5 are the same in the representation (120) and in the standard representation.
One can see that
where Σ z = diag σ 3 , σ 3 . In the MSF, the operatorsP 0 +P 3 ,P 0 −P 3 , andQ mutually commute, such that (as it follows from (119)) bispinors Ψ (±) obey the same equations:
Representing Ψ (±) via spinors ψ and χ,
we find the following equations for the spinors:
(P 0 +P 3 )χ(x) = σ 3 σP ⊥ + M c ψ(x).
We note that both solutions Ψ (−) and Ψ (+) enter into a complete set of functions on the hypersurface t = const. The inner product of Dirac bispinors on the light-cone hypersurface x − = const has the form:
see [29] , where the inner product of four-component spinors Ψ and Ψ ′ on xy-plane is defined as
It is expressed only in terms of the components Ψ (−) . At the same time, a complete set of functions on the hypersurface x − = const consists only of Ψ (−) . In the case under consideration, the operatorsP 0 ,P 3 ,Ĵ z =L z + Σ z /2, and a spin operatorŜ z (z-component of a polarization pseudovector)
are mutually commuting integrals of motion (all these operators commute with the HamiltonianĤ ϑ ) [15, 16] . In addition, the setP 0 ,P 3 ,Ĵ z , Σ z , andQ 2 ⊥ represents mutually commuting operators, which, at the same time, commute with α 3 . This fact allows one to find solutions Ψ (−) that are eigenvectors for the latter set. To this end one has to subject spinors ψ to the following equations: P 0 +P 3 ψ(x) = λM cψ(x),Ĵ z ψ(x) = J z ψ(x),
where E 2 ⊥(σ) is given by (107). Thus, we obtain for Ψ (−) :
In the light cone variables (13), we have the following representation
